The spectrum of compact Riemannian manifolds of constant sectional curvature 1 with cyclic fundamental group is computed. From this corollaries on the first eigenvalue of 3-dimensional spherical space forms and quadrature formulas are obtained.
Introduction
Let M be a compact connected Riemannian manifold of constant sectional curvature 1. Then -M is the orbit space of a finite group acting freely and orthogonally on a sphere-of radius 1. Spherical space forms are completely classified by J. A. WOLF [13] . Let zl be the Lplacianacting on the space of C--functions on M. It has a purely discrete spectrum consisting of nonnegative eigenvalues with finite multi--plicities. We denote the spectruni of the operator J by spec (M). There are a few explicit results on the spectrum of spherical space forms. For example, the spectra of homogeneous spherical space forms and certain lens spaces were computed, see [7, 8, 10, 111 . However, we (10 not know the spectrum of a lot of other spherical space forms. Using Ikecla's generating function (see [2, 3] ), a method to compute explicitly the spectrum of M was given in [11] ..
The main tool of the present paper is a formula for the dimension of the spaceof G-automorphic homogeneous harmonic polynomials of degree j (j E N0 ) proved in [7] , where G O(n + 1) is a finite group acting freely on 3 2M11 . Here, we study this formula for cyclic groups in more detail.
The algebraic computation of the eigenvalues of orbit manifolds is closely related to lattice point problems. In Theorem 1 we give this reformulation for lens spaces. This lattice problem is an efficient method to conrpute the spectrum of spherical space forms. For 3-dimensional lens spaces the corresponding lattice problem was already obtained in [2, 131 . Since the computations are purely algebraic we give only short comments.
The purpose of Theorem 2 is to list all the first eigenvalues of 3-dimensional spherical space forms. To one's surprise there are only 6 possibilities for 2. Moreover, the first eigenvalue gives a few informations on the structure of the fundamental group of M. In certain cases 21 (M) and the dimension of the corresponding eigenspaee . contain the. whole information on the geoetry . of M. In these cases the results are stronger than the results in [2] .
In the last section we apply our results on small eigenvalues to derive integration formulas on the unit sphere for homogeneous polynomials. Such formulas are interesting for a few practical problems. In [5] was given a 19-design with 3600 nodes. Using the binary icosahedral group we find a 19-design with 840 nodes.
The results
Let 0 = (C) be cyclic subgroup of order q and let C be conjugates in 0(2m + 2) to the element 
(
ii) Further, let d(?.1 , M) denote the dimension of the eigenspace corresponding to Al. Then d.1 , M) 3 if/ M is homogeneons.
'Now, let Hi be the vector space of homogeneous polynomials of degree i in the variables x 1 , x2, x3 and x4 A quadrature formula of degree jisa set of r points Yi, Yr on S3 and constants c1 , .. .,c such that
where do is the invariant measure of S3 and w3 = 20 . Quadrature formulas for 53 are rare. For a result see [5] . Using the Theorems 1 and 2 we can easily give special quadrature formulas of degree less than 19.
Let G be a finite subgroup of 0(2m
• Theorem. 
• fEH,(0 11) and . xES3,
19) and Y2 is any zero of the first nontrivial F5-automorphic eigen function of S:
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Spherical space forms and autoniorphic eigenfunctions
In this section we wilF briefl y review the facts concerning the G-automorphic eigenfunctions of S2?+1 (see [1, 2] ). Let S2+1 (m E N) be the unit sphere centered at the origin in R2m+2 . Furthermore, let M be a spherical space form of curvature 1 and dimension 2m + 1. Then M = 5 1 /0, where is finite subgroup of SO(2m ± 2) and for any 7' E Gwith T Id, 1 is not an eigenvalue of T. Here Id denotes the unit matrix in 0(2m + 2). The sphere S2-11 is the universal Riemannian covering manifold of.M. Let t be the covering map of S2mf1 ,onto S2m4-1/G,t :
S2m+1/G. Me -denote the-space of complex valued C--functions on M by C(M) and dendt& the Laplacian acting oh C(M) and C(S2m ') hyA and J, respectively. The Laplacian has a purely discrete spectrum spec (M). For k 0 let Hk be the space of complex valued homogeneous harmonic polynomials of degree k on R2m+2 . The spectrum of A is wellknown, see [I] . It contains the eigenvalues yj j(j + 2m) with multiplicities
The eigenfunctions of 82n1 1G are exactly , the G-automorphic eigenfunctions of S2+1. More precisely, let i: 
Furthermore, the map t induces the injective map r*: C(S2mh /G) C(S2m1). Th'e following formula is elementary, see [I]: For any /-E C(S2m+h/G), we have *f) = t*(Af) Now it follows

Lem ma 2 (see [21): Let V(j, G) and H(j, 0) be the subspaces of 1 7(j) and Hj consisting of all the G-automorphic elements of V(j) and H,, respectively. Then (t*)-1 V(j, 0) is the eigen.space with the eigenvalue y j of the Laplacian A on S214+110 and it is isomorphic to H(j, 0). Further, every eigenspace of zl on m/(,! is obtained in this way.
Let d(j,G) = dim H(j, 0). Consequently, we need only the values of d(j, 0) for thç calculation of spec (M), M =
The spectra of lens spaces
Now w6 prove our Theorem 1. Recall that in [7] the following formula for d(j, 0) was derived:
where q is the order of 0, " means that we have to sum up only over T E U \{Id,-Id}, [j/2} is the intire part of j/2, - (1 v m + 1) . Our proof of Theorem 1 is based on an explicit study of this formula for cyclic groups. We have Zq (C) and C is conjugate to C' in 0(2m .+ 2). Similar to [8] Substituting (4) and (5) From Lemma 4 and (6) we obtain the desired formula in Theorem 1. The further statements of Theorem I are easily to prove by means of this formula. We omit here the proofs.
Here q(T) is the order of T E C and exp (2rip(T)1q(T)), exp (-27ip,(T)1q(T)) are the eigenvalues of T
The first eigenvalue of 3-dimensional spherical space forms
The basic theorem of this section is the following. If 0 is a finite subgroup of SO (4) acting freely on (23, then G is isomorphic to one of the groups of typ (I)-(VI), see [12] (also [6, 13] ). Moreover, let 8 3/0a and S31 G2 be spherical space forms. Assume 01 is isomorphic to 02 an([ is not cyclic. Then G is conjugate to 02 in 0(4) such that.
83/01
S/0. We now may prove Theorem 2. Next, our Theorem 1 implies Theorem . 2 for the groups of typ (I). The further assertions of Theorem 2 we get from the following table.
The calculations are the same in all cases. We decompose the group 0 into conjugate cyclic subgroups and then we determine by means of Theorem 1 its multiplicities. Therefore we consider completely. here only the case C Zq X D21,. in the other cases we give only the corresponding formulas. 
. This gives.
•
The groups G_ 1 , G0 and 3 are cyclic and we can easily compute the eigenvalues of i(B2AC), i(BC) and ( B2C). Then using Theorem 1, we obtain .the statements on ZqXD. 
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